a L.ocal Search Heuristic
for
Facility Location Problems

Madhukar R. Korupolu
C. Greg Plaxton
Rajmohan Rajaraman

PRESENTED BY

Zhijian Liu, 5140309551
Runzhe Yang, 5140309562
Shichao Xu, 5140309569



Introduction



Introduction




Outline

» Formal definitions of the facility location problems

» The local search paradigm (an iterative algorithm)

» Formal proofs of the facility location problems

* Uncapcitated k-median problem

* Capacitated k-median problem with splittable demands

- Approximation ratio



Background

N ={1,2,--- ,n} is a set of locations
F C N is a set of locations at which we may open a facility
Each location j has a demand d; that must be shipped to j
Cij 1s the cost of shipping a unit of demand from i to j

metric version

* COSt 1S nonnegative
* COSt 1S symmetric

» cost satisfies the triangle inequality iy



Uncapacitated k-median Problem

seek a set S of k£ open facilities
and
an assignment o of locations to open facilities
to
minimize the shipping cost
C(S) = mgin C'(S,0) C(5,0) = ZNdejG(j)
ViS

assign each location to the closest open facility in .S



Capacitated k-median Problem
with Splittable Demands

a bound M on the capacity of any facility

seek a set .S of k open facilities
an assignment o of locations to open facilities

cg: NxXS—R



Capacitated k-median Problem
with Splittable Demands

a bound M on the capacity of any facility

seek a set .S of k open facilities
an assignment o of locations to open facilities

total demand shipped from any facility < M

Y o(ji) < M, Vi

J

minimize the shipping cost



Capacitated k-median Problem
with Splittable Demands

seek a set S of k open facilities
total demand shipped from any facility < M
minimize the shipping cost

©(8) —mmC(s.a)| [C(5.0)=3 3 oliiey

g i€ES jJEN )
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the corresponding optimal (splittable) assignment
can be computed in polynomial time
by reduction to the transportation problem



Definition

Given a set S of open facilities and an assignment o

D;(S,0) is the total demand shipped from facility i € S



Definition

Given a set S of open facilities and an assignment o

D;(S,0) is the total demand shipped from facility i € S

total demand of ® is ® + ® + o +

total demand of e is ® + o +



Definition

Given a set S of open facilities and an assignment o

N;(S,0) is the set of locations assigned to facility ¢ € S



Definition

Given a set S of open facilities and an assignment o

N;(S,0) is the set of locations assigned to facility ¢ € S

neighbor of ® is ® + o + o +

neighbor of ® is ® + o +



Definition

Given a set S of open facilities and an assignment o

B(1,7) is the set of locations 7 such that ¢i; is at most 7



Local Search Paradigm

Solve()
pick a feasible solution
while the computer works
move to the best neighboring feasible solution




Technical Details

How to find an initial feasible solution?

Solve()
pick a feasible solution
while the computer works
move to the best neighboring feasible solution




Technical Details

How to find an initial feasible solution?

Select an arbitrary subset S of F
require that |S| = (1 + a)k

Solve()
pick a feasible solution
while the computer works
move to the best neighboring feasible solution




Technical Details

What is a neighboring feasible solution?

Solve()
pick a feasible solution
while the computer works
move to the best neighboring feasible solution




Technical Details

What is a neighboring feasible solution?

The neighborhood of a feasible solution S is

('S F|S\T| =T\ 5] =1}

change a location of a facility

Solve()
pick a feasible solution
while the computer works
move to the best neighboring feasible solution




Solve()
pick a feasible solution
while the computer works
move to the best neighboring feasible solution

Given any solution S such that C(S) > (1 +¢€)C(S™)
(require that |S| = (1 + a)k for the k-median problems)

Target: there exists a solution 7' in the neighborhood of S

such that C(T) < C(S5) (1 p(ln)>



Solve()
pick a feasible solution
while the computer works
move to the best neighboring feasible solution

Target: there exists a solution 7' in the neighborhood of S

1
such that C(T) < C(5) | 1
=) ( p(n)>
polynomial in the input size
C(S5)
C'(S*)

Perform the local search p(n)log times

= O(n°)
= a solution that has cost at most (1 + €)C(5™)
(1+¢€)



Uncapacitated k-median Problem

Target: there exists a solution 7' in the neighborhood of S

such that C(T') < C(S) (1 p(ln)>

Theorem (swapping facilities)
Let S be any subset of F such that |S| = (1 + @)k and
C'(S) > (14 B)C(S™). Then there exist u € Sand v € F

such that C(S)—C(SJrv—u)zC(S)




Uncapacitated k-median Problem

Theorem (swapping facilities)
Let S be any subset of F such that |S| = (1 + a)k and
C'(S) > (1+ B)C(S™). Then there exist u € Sand v € F

such that C(S)—C’(S+v—u)2c(s)

Adding a facility can get significant improvement
Dropping a facility without incurring a large increase



Lemma (adding a facility)

Let S be any subset of F such that C(S) > (1 + 8)C(

Then there exist v € F'such that

C(S) — C(S +v) >

C(8) = C(S*) = dj(Cjois) — Cjor(j))

JEN

=5 ) dilcje) — i)

i€S* jEN; (S*)

C(S) — C(5")
Z d; ( JU(J) Cjv) 2> 2

JEN,(S*)

S*).



Lemma (adding a facility)
Let S be any subset of F such that C(S) > (1 + 8)C(S").
Then there exist v € F'such that

BC(S)
C(S)—C(5%)
Y dj(cio) — Co) > -

JEN,(S*)

=C(S)-C(S+wv,0") <C(5)—-C(S+w)

{v if 7 € N,(S%)

o(j) otherwise



Lemma (adding a facility)
Let S be any subset of F such that C(S) > (1 + 8)C(S").
Then there exist v € F'such that

BC(S)
C(S)—C(5*)
Y dj(cio) — Co) > -

JEN,(S*)

— O(S) — C(S +v,0") < C(S) - C(S +v)
5
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Lemma (dropping a facilities)
Let S be any subset of F such that |S| = (1 + @)k and
C'(S) > (14 B)C(S™). Then there exist u € S such that

BC(S)  C(5)

C(S—u)—C(5) <
SO =T aE T )
L

~ 2D4(S)

L — ’ri BZ — B(Z7 ri)

Suppose B,, and By, overlap
C(S —m)—C(S) <C(S—m,o")—C(S)

U,(j)_{z if 7(j) = m B,

o(j) otherwise



Lemma (dropping a facilities)
Let S be any subset of F such that |S| = (1 + @)k and
C'(S) > (14 B)C(S™). Then there exist u € S such that
BC(S)  C(S)
C(S—u)—C(95) <
e (Y A0,
o L
L= "1 9D,(S)

Bz’ — B(Z,TZ)

Suppose B,, and By, overlap

C(S —m) — C(S) < C(S—m,o") — C(S)

< Y dilcr = cmy) B,
FEN,(S)

S Z derm

]eNm(S) rm T



Lemma (dropping a facilities)
Let S be any subset of F such that |S| = (1 + @)k and
C'(S) > (14 B)C(S™). Then there exist u € S such that

o 30(S)  C(S)
CE-w)-CO <G p)

L
2D;(S)

[ = T — BZ:B(Z,TZ)

Suppose B,, and By, overlap

C(S —m) < Y 2y,
JEN,L(S) Bm
= 2D, (S)rm Ly

= L



Lemma (dropping a facilities)
Let S be any subset of F such that |S| = (1 + @)k and
C'(S) > (14 B)C(S™). Then there exist u € S such that

o 30(S)  C(S)
Cl8=w)=CE = T3k ™ Py

Qi(5) = Z d;

JEN; (S)NB(i,ur;)

Suppose none of the B,;’s overlap

C(S) }
(1+ B)vk

size of > (1+ )k

S’ = {2 €S Q51 —pr; >

S"=1{ie S :B(i,r;)NS* =0}



Lemma (dropping a facilities)
Let S be any subset of F such that |S| = (1 + @)k and
C'(S) > (14 B)C(S™). Then there exist u € S such that

o 30(S)  C(S)
Cl8=w)=CE = T3k ™ Py

Qi(5) = Z d;

JEN; (S)NB(i,ur;)

Suppose none of the B,;’s overlap
S"={ie S :B(i,r;) NS =0}

size of > (14+~)k .
size of > vk

size of =k



Lemma (dropping a facilities)
Let S be any subset of F such that |S| = (1 + @)k and
C'(S) > (14 B)C(S™). Then there exist u € S such that

o 30(S)  C(S)
Cl8=w)=CE = T3k ™ Py

Qi(5) = Z d;

jGN,,;(S)ﬂB(i,um)
Consider the demands lie inside B(i, ur;) for i € S”

size of > vk



Lemma (dropping a facilities)
Let S be any subset of F such that |S| = (1 + @)k and
C'(S) > (1 + 0)C(S"). Then there exist u € S such that

o 30(S)  C(S)
Cl8=w)=CE = T3k ™ Py

[ B (s

S —{ c S 0481 mzzmw@}

Consider the demands lie inside B(i, ur;) for i € S”

size of > vk
C(95)
C(S*) =2 ) QuS)0 —pwri > >
1€S5" €S (]‘ —l_ 5)7]{
o O3S C(S o
= |S"] CINRIC) Contradiction!

(14+68)vk — 1+p



Uncapacitated k-median Problem

Theorem (swapping facilities)
Let S be any subset of F such that |S| = (1 + a)k and
C'(S) > (1+ B)C(S™). Then there exist u € Sand v € F

such that C(S)—C’(S+v—u)2c(s)

Adding a facility can get significant improvement
Dropping a facility without incurring a large increase



Capacitated k-median Problem
with Splittable Demands

Theorem (swapping facilities)
Let S be feasible solution such that |S| = (1 + «)k and
C'(S) > (14 B)C(S™). Then there exist u € Sand v € F

such that C(S) = C(S+v—u) > i((f))

Adding a facility can get significant improvement
Dropping a facility without incurring a large increase



Lemma (adding a facility)
Let S be a feasible solution such that C'(S) > (1 + 8)C(S™).
Then there exists v € F' such that

C(S) = C(S+v) 2 7).

The proof of the this Lemma (adding a facility)
is similar to that of Lemma (adding a facility)
mentioned in uncapacitated version



Lemma (dropping a facility)
Let S be a feasible solution such that|S| = (1 + a)k and
C(S) > (1 + B)C(S*) . Then there exists v € S such that

o 3C(S)  C(S)
ClE=w)=CE =Tk ™ Py

A facility ¢ € S is light (under the corresponding optimal
assignment o) if the total demand shipped from ¢ is at
most M /2. Otherwise, it is

Suppose B,, and B, are light and overlap

Suppose none of the light B;’s overlap



Approximation Ratio

(a, b) -approximation algorithm
a polynomial-time algorithm using at most bk facilities

whose cost is at most aC'(S™)

For uncapacitated k-median

1
a=14+¢ = b:1+<9l 7)

€

1

azl—l—@(g) < b=3+c¢€
€



Approximation Ratio

(a, b) -approximation algorithm
a polynomial-time algorithm using at most bk facilities

whose cost is at most aC'(S™)

For capacitated k-median

17
a=14+e¢¢ = bzl—l—(lll )
€

1

azl—l—@(g) < b=5H+c¢€
€



Review

» Formal definitions of the facility location problems

» The local search paradigm (an iterative algorithm)

» Formal proofs of the facility location problems

* Uncapcitated k-median problem

* Capacitated k-median problem with splittable demands

- Approximation ratio
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