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Minimax Problems in Machine Learning

Generative Adversarial  
Networks (GANs) 
[Goodfellow et al., 2014]

GANs Illustration: https://medium.freecodecamp.org/an-intuitive-introduction-to-generative-adversarial-networks-gans-7a2264a81394

min
G

max
D

V (D,G) = Ex⇠pdata(x)[logD(x)] + Ez⇠pz(z)[log(1�D(G(z)))]

<latexit sha1_base64="74lJQW1s2utWiTzyEl4HfJbZGFg="></latexit>

https://medium.freecodecamp.org/an-intuitive-introduction-to-generative-adversarial-networks-gans-7a2264a81394


Minimax Problems in Machine Learning

Maximum Entropy 
Inverse Reinforcement 
Learning (MaxEnt IRL)  
[Ziebart et al., 2008]&[Finn et 

al., 2016 - slightly different here]

IRL Illustration: https://runzhe-yang.science/demo/Inverse_Reinforcement_Learning.pdf

min
⇡

max
C

V (⇡, C) = E⌧⇠⇡[�C(⌧)] + log (E⌧⇠⇡[⇡(⌧)/ exp(�C(⌧))])
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Minimax Problems in Game Theory

Agent 1

min
x

max
y

S(x,y)

<latexit sha1_base64="NsgQ8OVYc7bq9u0xnxC3odXMzq8="></latexit>

x 2 Rn
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y 2 Rm
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Agent 2

Action space:

Payoff function: �S(x,y)

<latexit sha1_base64="FxIIFphVESxosT7D/CU0SQ01q8k="></latexit>

S(x,y)
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sequential game - agent 1 moves first (slower)



Gradient Descent-Ascent Dynamics of GANs

Daskalakis et al., Training GANs with Optimism, ICLR 2018

min
G

max
D

V (D,G) = Ex⇠pdata(x)[logD(x)] + Ez⇠pz(z)[log(1�D(G(z)))]
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✓G = ✓G � ⌘r✓GV (D,G)
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✓D = ✓D + ⌘r✓GV (D,G)
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Gradient Descent-Ascent Dynamics

min
x

max
y

S(x,y)

<latexit sha1_base64="NsgQ8OVYc7bq9u0xnxC3odXMzq8="></latexit>

(
⌧xẋ = �rxS(x,y)

⌧yẏ = ryS(x,y)

<latexit sha1_base64="lHH0gyrUqk1i4hWAuwiLq5PAO8s="></latexit>

Continuous-time system:

Two questions:

1. When does the system converge?

2. Where does the system converge, if it converges?



Optimality in Minimax Optimization

Where does the system converge, if it converges?

Jin et al., What is Local Optimality in Nonconvex-Nonconcave Minimax Optimization? ArXiv, 2019

S(x⇤,y)  S(x⇤,y⇤)  max
y0

S(x,y0)

<latexit sha1_base64="QlJbK7FQoKn9mSr71RmUjS80JUI="></latexit>



(
⌧xẋ = �rxS(x,y)

⌧yẏ = ryS(x,y)

<latexit sha1_base64="lHH0gyrUqk1i4hWAuwiLq5PAO8s="></latexit>

Continuous-time system:

Kose-Uzawa Theorem: convex-concave payoff fn.

T. Kose. Solutions of Saddle Value Problems by Differential Equations. Econometrica, 24:59–70, 1956. 
H. Uzawa. Gradient method for concave programming, II global stability in the strictly concave case. Stanford Univ., 1958.

“If S(x, y) is strictly convex in x and strictly concave in y, 
then gradient descent-ascent converges a saddle point.”

S(x, y) = (x2 � y2)/2

<latexit sha1_base64="IraZSyfxFAdF4+1DMowVqExxN1I="></latexit>

E.g.,



New Theorem: globally less convex in y
(
⌧xẋ = �rxS(x,y)

⌧yẏ = ryS(x,y)

<latexit sha1_base64="lHH0gyrUqk1i4hWAuwiLq5PAO8s="></latexit>

Continuous-time system:

S is twice differentiable

�inf(Sxx) := inf
x,y

�min(Sxx(x,y))

<latexit sha1_base64="CYWiRjOblOOMItxeP8u4/MgezoE="></latexit>

If

then all bounded trajectories converge.

and steady states exists,⌧�1
x �inf(Sxx) > ⌧�1

y �sup(Syy)

<latexit sha1_base64="r94Pw7Tshrjs/eIu+SEpJMr4MAA="></latexit>

�sup(Syy) := sup
x,y

�max(Syy(x,y))

<latexit sha1_base64="2jbfE9Ia95PHCORplZsqvx8ZLnI="></latexit>



LaSalle’s Invariance Principle

System: ż = f(z), z 2 Rk, f(z⇤) = 0

<latexit sha1_base64="4BASSXckLKgpp7vbsyUb7Rv+tzE="></latexit>

L : Rk ! R
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continuously  
differentiable.

⌦
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compact positive invariant set  
w.r.t. the system dynamics

M ✓ E
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⌦ ⇢ Rk
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L̇(z(t))  0
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in
E = {z 2 Rk : L̇(z) = 0}
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the largest invariant set in  E
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lim
t!1

✓
inf
p2M

kz(t)� pk
◆

= 0
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E ⇢ ⌦
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z(0) 2 ⌦ ) z(t) 2 ⌦, 8t � 0
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z(0) 2 M ) z(t) 2 M, 8t 2 R
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Construction of a Lyapunov Function

Continuous-time system:

(
⌧xẋ = �Sx

⌧yẏ = Sy

<latexit sha1_base64="ynei9vOVJcdIfJrKG1jSeNAUnmU="></latexit>

)
(
⌧xẍ = �Sxxẋ� Sxyẏ

⌧yÿ = Syxẋ+ Syyẏ
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a =
p
⌧xx
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b =
p
⌧yy
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Scale transformation: ,

✓
ä
b̈

◆
= �

✓
Sxx/⌧x Sxy/

p
⌧x⌧y

�Syx/
p
⌧x⌧y �Syy/⌧y

◆✓
ȧ
ḃ

◆
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Construction of a Lyapunov Function

✓
0 Sxy/

p
⌧x⌧y

�Syx/
p
⌧x⌧y 0

◆
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✓
rIn 0
0 �rIm

◆
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+
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KS =
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Kr =
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“electric”

“magnetic”

“frictional”

✓
ä
b̈

◆
= �

✓
Sxx/⌧x Sxy/

p
⌧x⌧y

�Syx/
p
⌧x⌧y �Syy/⌧y

◆✓
ȧ
ḃ

◆
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✓
Sxx/⌧x � rIn 0

0 �(Syy/⌧y � rIm)

◆
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Construction of a Lyapunov Function

✓
rIn 0
0 �rIm

◆
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Kr =
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“electric”

z =

✓
a
b

◆
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�(x,y) = �rS(x,y)
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Let
“potential function”

✓
ä
b̈

◆
= �

✓
Sxx/⌧x Sxy/

p
⌧x⌧y

�Syx/
p
⌧x⌧y �Syy/⌧y

◆✓
ȧ
ḃ

◆
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�Krż = ��z
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Construction of a Lyapunov Function

✓
0 Sxy/

p
⌧x⌧y

�Syx/
p
⌧x⌧y 0

◆
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KA =

<latexit sha1_base64="sgIBdebyyRTbPVw5umFyFMmrwIc="></latexit>

“magnetic”

�KA = K|
A
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ż|KAż = �ż|K|
Aż = 0
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KAż?ż
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anti-symmetric

always perpendicular to the velocity

✓
ä
b̈

◆
= �

✓
Sxx/⌧x Sxy/

p
⌧x⌧y

�Syx/
p
⌧x⌧y �Syy/⌧y

◆✓
ȧ
ḃ

◆
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Construction of a Lyapunov Function

z̈ = � �z|{z}
electric

� KAż| {z }
magnetic

� KS ż|{z}
frictional
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L(z) =
1

2
|ż|2 + �(z)
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L̇ = �ż|KS ż
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Energy conservation as a Lyapunov function:

✓
ä
b̈

◆
= �

✓
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⌧x⌧y

�Syx/
p
⌧x⌧y �Syy/⌧y

◆✓
ȧ
ḃ

◆
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L(z) =
1

2
|ż|2 + �(z)
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L̇ = �ż|KS ż
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Energy conservation as a Lyapunov function:

KS � 0
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KS =
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“frictional”

✓
Sxx/⌧x � rIn 0

0 �(Syy/⌧y � rIm)

◆
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If

then all bounded trajectories converge.

and steady states exists,⌧�1
x �inf(Sxx) > ⌧�1

y �sup(Syy)
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Construction of a Lyapunov Function



Summary

min
x

max
y

S(x,y)

<latexit sha1_base64="NsgQ8OVYc7bq9u0xnxC3odXMzq8="></latexit>

(
⌧xẋ = �rxS(x,y)

⌧yẏ = ryS(x,y)
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Continuous-time system:

1. System converges when

2. Boundedness, Discrete time approximation

3. Gradient projection, Rectified gradient descent-ascent

⌧�1
x �inf(Sxx) > ⌧�1

y �sup(Syy)
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