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Associative memories in psychology: ability to remember sets of unrelated items
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Language models as operation of associative memories
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Part I. Classic Hopfield Networks

How are memories stored and retrieved?



Hopfield Networks: a mathematical model abstracted from neurobiology

• N binary neurons like McCullough-Pitts, 
and the state of neuron i is

(
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(not firing)

(firing at maximum rate)

• The strength of synaptic connection from  
neuron j to neuron i is Tij
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(no autapses) (symmetric reciprocal  
connections)A Hopfield net with 3 neurons
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Training a Hopfield Network: how to store memories?

• Suppose we want to store K sets of neural  
states                          for                  . The 
memories are encoded by connectivities:

⇠µ 2 {�1, 1}N
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• It is also related to Hebb’s ruleC
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�Tij / h�i(t)�j(t)it
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modification driven by local correlatione.g.,
(
⇠1 = (1 �1 1)|

⇠2 = (�1 1 �1)|
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• Neural activity dynamics

if
X
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Tij�j
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Updating a Hopfield Network: how to recall memories?
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e.g.,
(
⇠1 = (1 �1 1)|

⇠2 = (�1 1 �1)|
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• All neurons are both inputs and outputs. 
recurrent network & persistent activities.

• Which memories to recall?  
depends on 1) initial state of neurons 
and 2) the order of update (random noise)

update neurons in a random order  
until converge.



• Neural activity dynamics
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X

j

Tij�j

<latexit sha1_base64="GPFhDeOQaceyOALfKaHv+84SoTo="></latexit>

� 0

<latexit sha1_base64="oO/xcT0PnYpHKJmdILZ5yFHnHmY="></latexit>

< 0

<latexit sha1_base64="aR2whLWvDLQeTS7Kg7miauHVn/s="></latexit>

�i  1

<latexit sha1_base64="pFXlhTWy9e2ZYLhgOpayz1AaUXU="></latexit>

�i  �1

<latexit sha1_base64="++ARS7IzhDkFxXdWKj1pGcqOrBs="></latexit>

Lyapunov (Energy) function of the neural dynamics

update neurons in a random order  
until converge.

• Quadratic Energy Function
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• Energy monotonically decreases

state

E

E = �
X

ij

�iTij�j = �
KX

µ=1

h⇠µ,�i2

<latexit sha1_base64="+ZGt4dGH6jAU/nqmRfZDg5FZ2M0="></latexit>

local minimum⇠1

<latexit sha1_base64="gGMIRcfbL8XbXj1AUVhJvg9M8yY="></latexit>

⇠2

<latexit sha1_base64="krsnE/6ETkd75Uurd2Dt9/1BDuI="></latexit>

⇠3

<latexit sha1_base64="14ow/ySyiM9fnzhs1kb5k9BG4D8="></latexit>



Network capacity: how many memories a Hopfield net can store?

E = �
X

ij
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h⇠µ,�i2
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not a stored memory



Network capacity: how many memories a Hopfield net can store?
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(Hopfield, J.J., 1982)

(Kanter, I. and Sompolinsky, H., 1987)Kmax = N
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Part II. Dense Associative Memory

Can we increase the memory storage capacity?



Dense associative memory: dramatically increase the memory storage capacity
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• Hopfield Energy Function

Fn(x) =

(
xn, x � 0

0, x < 0
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• Polynomial Energy Function

where Fn is the rectified polynomial

n=2 is the original Hopfield nets
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(Krotov, D. and Hopfield, J.J., 2016)

Memory capacity of the polynomial energy function
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• Perturb one neuron i, from the initial state at memory ⇠µ
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• Mean fluctuation:

Variance:

• Memory is unstable when the fluctuation can be negative
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The case of XOR problem: 

memory  K>N

exclusive-or rules
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3-neuron Hopfield net  
cannot recall any XOR rules



The case of XOR problem: 

memory  K>N

exclusive-or rules
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• Polynomial Energy Function

En = �
KX

µ=1

Fn(h⇠µ,�i)

<latexit sha1_base64="lT36ZdQ4GgzbpwM5TiRfGvGk6w4="></latexit>

)

<latexit sha1_base64="oOXeaQRXApXXBchXLoUUJCWVNT4="></latexit>

En(�) =

8
><

>:

0, n = 1

Cn, n = 2, 4, 6, . . .

Cn�1�2�3, n = 3, 5, 7, . . .

<latexit sha1_base64="mqYHMhBoba4QaeZJDG6piAncm00="></latexit>

Dense associative memory network  
is capable of solving the XOR problem  

for higher odd values of n.



Dense associative memory nets allow higher-order interaction
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Part III. Hidden Neuron Models

How to avoid many-cell synapses?



…

Effective network: N feature neurons + K hidden memory neurons 
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N feature neurons

K hidden neurons

(Krotov, D. and Hopfield, J.J., 2016)

(Krotov, D. and Hopfield, J.J., 2020)(Demircigil et al, 2017: exponential F)

(Ramsauer et al, 2020:  
Hopfield Networks is All You Need)
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• Neural activity dynamics 
 
 
 
 
 
 
 
where           are the pre-activation currents of  
a feature neuron i and a hidden neuron µ, and  
          are the outputs (e.g., firing rates) of them.

RBM-like networks as general associative memory models

g1 g3g2

f1 fK…

…

N feature neurons

K hidden neurons

(Krotov, D. and Hopfield, J.J., 2020)

• Extended to continuous state and continuous time

• Large memory capacity, and bio-plausible.
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Activation function, contrastive normalization, and energy function

• Neural activity 

gi = [g(v)]i =
exp(vi)P
j exp(vj)

<latexit sha1_base64="BlAzcRrueLJt7Qj8hHlDrif32Bk="></latexit>

gi = [g(v)]i = g(vi)

<latexit sha1_base64="w+VdQdNgRYAUIBRdKT0OnPrL7Z4="></latexit>

… activation function

… softmax

1

2

Case

Case

• Energy Function
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• Lagrangian functions

and

… additive

… non-additive
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Conditions for convergence

dE

dt
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 0
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The energy monotonically decreases on the dynamical trajectory, if 
Hessian matrices of the Lagrangian functions are positive semi-definite.  

 
(boundedness needs to be check for specific choice of Lagrangian)

• Neural activity dynamics • Energy Function
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Dense Associative Memory Limit

• Neural activity dynamics

⌧h ! 0
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fast hidden  
neuron activity

no input currents

• Specific Lagrangian functions
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(Krotov, D. and Hopfield, J.J., 2016)



Modern Hopfield Nets / Transformer Limit

• Neural activity dynamics

⌧h ! 0
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Ii = 0
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fast hidden  
neuron activity

no input currents

• Specific Lagrangian functions

8
>>>><

>>>>:

⌧v
dvi
dt

=
KX

µ=1

⇠µi fµ � vi + Ii

⌧h
dhµ

dt
=

NX

i=1

⇠µi gi � hµ
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)
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8
>>>><

>>>>:

Lv = 1
2

P
i v

2
i

Lh = log
⇣P

µ e
hµ

⌘

gi = vi
fµ = @Lh

@hµ
= softmax(hµ)
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8
>>>><

>>>>:

⌧v
dvi
dt

=
KX

µ=1

⇠µi softmax(hµ)� vi

hµ =
NX

i=1

⇠µi gi
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(Ramsauer et al, 2020:  
Hopfield Networks is All You Need)

E =
1

2
hv,vi � log

 
KX

µ=1

exp(h⇠µ,vi)
!
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v(t+1)
i  

KX

µ=1

⇠µi softmax(h⇠µ,v(t)i)

<latexit sha1_base64="dKvmUo86RpJ5QA26K88yZ3b9eqM="></latexit>



Summary



Large Associative Memory Problem in Neurobiology & Machine Learning

E =

"
NX

i=1

(vi � Ii)gi � Lv

#
+

"
KX

µ=1

hµfµ � Lh

#
�

X

µ,i

fµ⇠
µ
i gi
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• Neurobiology:  

• biological plausibility (two-cell 
synaptic connections)  

• psychological plausibility (large 
memory) 

• Machine Learning: 

• unified various associative 
memory models in literature 

• inspired new recurrent neural 
networks architectures

gi = [g(v)]i

<latexit sha1_base64="QTqmpb5qhMSxHOaVlU4NIikEAIs="></latexit>

fµ = [f(h)]µ
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Ii
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feature neurons hidden neurons


